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A 6 x 6 transfer matrix is presented to evaluate the response of a multi-layered infinitely
long elastic cylinder, imbedded in a fluid and enclosing another fluid, to a given
two-dimensional pressure excitation on the outside or inside, or alternatively to evaluate
the acoustic pressure distribution excited by the radial velocity components of the radiating
surface. It is shown that the transfer matrix presented is a general case embodying the
transfer matrix of one-dimensional pressure excitation due to a normal incident wave. It
is also shown that the transfer matrix can be effectively used to obtain the scattering
coefficient and noise reduction of a multi-layered cylinder for the case of oblique incidence
of a plane wave. Numerical results for the scattering form function and noise reduction
of a multi-layered infinite cylinder are given to illustrate the effect of two-dimensionality
(angle of incidence), and layer material characteristics.

© 1998 Academic Press Limited

1. INTRODUCTION

The acoustical design of a shell that houses the transducer array in a cylindrical sonar
system intended to operate in active and passive modes, and decipher the signal
information of the echo/radiated wave that insonifies the dome wall, calls for studies
related to the presence of various types of waves and associated resonances that set in
during such excitation.

The studies concerning these phenomena for the case of oblique incidence have been
made mainly by using the classical normal mode solutions [1-5], wherein the response of
the cylindrical shell to a given pressure excitation and associated wave propagation is made
by expressing the displacements and stresses in terms of the scalar and vector potential
functions and formulating the characteristic equations in terms of their amplitudes by
satisfying the interfacial and boundary conditions. In a recent paper, Leon et a/. [6] used
this approach to obtain the scattering form function for the case of oblique incidence on
an infinitely long cylinder. For the case of a hollow cylinder analysis presented by them,
the direct approach may seem to be appropriate. However, as the number of layers
constituting the hollow cylinder wall increases, the algebra associated with the formulation
of characteristic equations becomes cumbersome with the increase of six characteristic
equations for each additional layer and increase in the resultant matrix size (the matrix
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size being given by (6n + 2) x (6n + 2) where n is number of layers). It makes computation
of the inverse or determinant of the coefficient matrix much slower and some times may
even lead to numerical difficulties. On the other hand, the transfer matrix approach is best
suited for the analysis of ducts and mufflers [7], multi-layer flat plates for one-dimensional
as well as two-dimensional excitation [8, 9], and multi-layer cylinders for one-dimensional
excitation [10]. In fact, the development of a transfer matrix was first presented by
Thomson [11].

This paper is concerned with the derivation of a 6 x 6 transfer matrix connecting the
state variables on either side of the multi-layered infinitely long cylinder to obtain the
response of the shell, and scattering and transmission, in terms of elements of the overall
transfer matrix for the case of oblique incidence. The model uses exact equations of
elastodynamics, and construction of the solutions is done by using scalar and vector
potentials. Solutions for the scalar and vector potentials in each layer are given in terms
of Bessel functions. Following Brekhovskikh [12], interfacial conditions of continuity of
pressure and velocities between the layers and appropriate radiation impedances on the
exterior and interior of the multi-layered cylinder, have been used to obtain explicit
expressions for the scattering coefficient and transmission coefficient in terms of elements
of the transfer matrix. These expressions can be directly used for any number of layers
by noting that the elements of the final matrix are obtained after multiplication of the
elements of individual layers, with the resultant matrix remaining a 6 x 6 matrix
irrespective of the number of layers.

Expressions have also been derived to evaluate the response of the multi-layered cylinder
to a given two-dimensional pressure excitation on one of the faces (inside or outside) due
to oblique incident waves which indeed would result in a three-dimensional stress field,
unlike the case of one-dimensional pressure excitation due to normal incidence which
would correspond to a two-dimensional distribution of stresses and velocities, upon taking
into consideration the boundary conditions of zero shear and appropriate radiation
loading on the exposed faces. Similar expressions would hold for the acoustic pressure
excited by the radial velocity component of the exposed surface.

It is shown numerically that both the normal mode solution [6] and the present method
yield exactly the same results. Also it is shown analytically that the transfer matrix reduces
to a 4 x 4 transfer matrix presented in reference [10] for the limiting case of normal
incidence and one-dimensional pressure excitation.

Numerical examples are given here for the case of a two-layered cylinder consisting of
a visco-elastic layer backed by a metallic cylinder. Some parametric studies to illustrate
the effect of two-dimensionality (angle of incidence), and the layer material characteristics
have been carried out.

2. BASIC EQUATIONS

The geometry considered for the present problem is shown in Figure 1. The incident
plane wave makes an angle ¢; with the axis of symmetry of the multi-layered cylindrical
shell, made up of m layers and having the inner and outer radii of each layer denoted by
ri, and rl,, where i denotes the ith layer counted from the outside. The axis of the
cylindrical shell is taken to be the z-axis of the cylindrical co-ordinate system (r, 6, z). The
cylinder is imbedded in a fluid having density p, and sound speed ¢, and encloses another
fluid of density p,,;: having sound speed ¢, ;. The transmitted wave makes an angle ¢,
with the innermost layer. The outermost layer 1 and the innermost layer m are in contact
with the fluids. The six relevant state variables, the normal stress o,., shear stresses 7, and
.., and particle velocities V,, ¥, and V. in the radial, circumferential and axial directions,
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Figure 1. Multi-layered infinite cylinder with different wave components and their angles.

respectively, at the two faces of first layer are shown in Figure 2. r;, and r,, have also been

shown for an intermediate layer.
Let the velocity vector field V(r, 0, z) be separated into an irrotational part and a

divergence—free part. In view of the identities curl grad f= 0 and div curl /= 0, one can
write [13]

V = grad ¢ + curl . (1
Thus,
_0¢  10p.  doy _1d¢p  do.  do _0¢p  1d(gor) 10¢
Vi=art70 o220 VTvaet e o VT aty o T rae
(2-4)
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Figure 2. Co-ordinates and state variables on the outside and inside of one layer of the multi-layered cylinder.
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where ¢ is the scalar potential and ¢ is the vector potential. ¢,, @y, . represent
components of the vector potential ¢. The radial stress o, and shear stresses 7,y and t,.

are given by [13]

G (aV,  u (v, V. 1V, V.
"""‘jw{arJrl—zu(ar* +r00+02>}’ ©®)
~ vy Ve 13V, G, oV

o=~ <a, F Ty 09>’ T = jw<62 o ) ©7

where G denotes the shear modulus, u the Poisson’s ratio, @ the circular frequency of
excitation. Substituting equations (2—4) in equations (5-7) yields

¢ 12
O = {Wz ty 00 200  oOrdz 1 —2u\ or

to= = rorod r*oo or* " ror  rro0* ordz r 0z rofoz(’

G 1 ¢ 10d¢ 0’p. 10¢p. 100%. 0. 10p, 1 Py
e - i) -G - ©)

— _E 62¢ + 1 aZ(PZ _ 62(/)9 62(P9 l% _ ﬂ la(p’ _ l az(pr (10)
Tre = 73 oroz  rozol 02 orr ' r or 2o  rorod(”

Making use of the equations of motion (136¢) of reference [13],
G{(div grad)V + [1/(1 — 2u)] grad (div 7))} = p 0°V/or, (11)

it can be shown that ¢ and ¢,, ¢, @. in equations (2-4) and (8-10) satisfy the wave
equations [13]

GR2(1 = w/(1 = 2wV = p o, GV, =p ¢ [or,  i=r,0,z, (12a,b)

where V? = 0%/or* + (1/r) 0/0r + (1/r?) 0*/00*> 4 0°/0z* is the Laplacian operator and p is
the mass density. With the time dependence of all state variables being ¢, the space
dependence of ¢ and ¢; is given by

Vi) + ki p =0, V2o, + ki ¢; =0, i=r0,z, (13a, b)

where

s (oY _op 1= opd=200+p (o) _op
k“( >‘ Gal—pw- £ a-p - “=\e)=@ (8D

and subscripts L and T denote longitudinal and transverse shear waves, respectively. ¢;,
the speed of longitudinal waves, and cr, the speed of shear waves, are given by

¢ =(Glp) 21—/l —2p), & =Glp. (15)
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In the outside ambient fluid medium, the incident pressure and scattered pressure can be
given by [6]

P 0.2.00=Y & (=T, (ko r) e cos (nd) &, (16)

n=0

Po(r,0,z,0) =) & (—j)b, HY (ko, r) e *:* cos (n0) e (17)

n=0

As this paper is concerned with scattering coefficients normalized with respect to the
incident wave, the amplitude of the incident wave in equation (16) has been taken to be
unity.

The pressure field in the interior fluid of the multi-layered cylinder is given by

o]

Puii(r,0,2,0) =) & (—j)'gn Ju (kuir, r) e cos (nf) . (18)

n=0

The general solutions of equations (12a, b), for use in the layers of the cylinder, can be
written as [6]

©

dr,0,z,0) =Y e (—i){A4.J. (qur) + B, Y, (qu 1)} e77 cos (nf) &, (19a)

n=0

2]

0.r,0.2.0)= Y & (—Y1C, a1 (@rr) + D, You (grr)} e ¥ sin (n0) &, (19b)

n=0

0

0o(r,0,z,0) = > —e (—))'{Cu s 1(qrr) + Dy Yuii (qrr)} e ¥ cos (nh) e, (19c)

n=0

0

@-(r,0,z,1) =Y & (—){E. V. (qrr) + F, Y, (grr)} e sin (n) &,  (19d)

n=0

where ky = w/co, ki1 = w/cny1, @ is the circular frequency, ¢, and ¢, . are the speeds
of sound in the exterior and interior ambient fluid media, respectively. ko, = ko cos ¢, and
k. = ko sin ¢, are the wave numbers in the y and z directions in the outside ambient fluid,
K1, = ki1 cOS ¢y is the wave number in the y direction in the inside ambient fluid, ¢,
and ¢r are the wave numbers in the y direction for the longitudinal and shear waves in
the layers, respectively. ¢, = 1 for n = 0 and ¢, = 2 for n > 1. Here, H? = J, — jY, is the
Hankel function of the second kind for the nth azimuthal mode, J, and Y, are Bessel and
Neumann functions of order n, respectively. b,, 4,, B,, C,, D,, E,, F, and g, are the
scattering coefficients. The incident and transmitted angles ¢, and ¢, are related by the
expression ko sin ¢, = k,, ;1 sin ¢,.

The wave numbers k,, kr, k., q. and ¢r are related by the compatibility equations

qi=ki—k, qr=ki—k. (20a, b)

The presence of structural damping represented by a loss factor would make E and G and
thence ¢, and c¢7, k; and k7, ¢, and gr, complex, which would make the arguments of
the Bessel functions of all three kinds complex. The general relationships that are
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applicable to the Bessel functions with complex arguments [12] are used in the derivations
presented here.

Evaluation of the scattering coefficients b, and g,, and the level difference or noise
reduction, represent formulation of the present problem.

3. DERIVATION OF THE TRANSFER MATRIX

Substituting equations (19a—d) in equations (2—4) and (8-10) yields the state variables
Gy Ty Trzy V2, V. and Vy for the first layer in terms of the constants 4,, B,, C,, D,, E,
and F, on the inside and outside radii of the first layer.

Defining the identities

Ot = Au Ju (@ ¥) + B, Y (qr 1), 0= A, 1, (qur) + B, Y, (q.r), (2la,b)
ﬁn.l = Cn er+1(qTr)+ D, Yn+1(qTr)9 ﬁn,ZE Cn J;/1+1(QTV)+D/1 Y//z+1(CITr); (2221, b)
Ot = E, N, (qrr) + F, Y. (qrr), On2=E, 1, (grr)+ F. Y, (grr), (23a,b)

one can write the state variables as

i AC) <quxnz+ On1 — jk:b’n,l)exp(—jkzZ)COS(ne), 24

Vo = i &, (—J) < Our = qr Ona — jk. P >exp( —jk. z) sin (n0), (25)

n=

-y —s,l(—j)"<jk_. oy + 11

& ., 2G ki r X .
Oy = z —&n (__])” _]z |:{k3 - ET <1 - rz)}(xn,l - % Onpy — % bn‘] + % qr 511,2 - _]k: qr BN‘Z :|

n=0

Bri =+ g1 Pz > exp(—jk: z) cos (n0), (26)

x exp (—jk. z) cos (n0), (27)

& n

2 2
n qr qr
T = — & ( _]) |: On1 — qL 0571,2 + — 5/12 + { - }511,1
ZO r r 2

n=

k. 1 . .
+ Jj {n —:: ﬁn,l - qT Bnl }]exp( __]k; Z) Sin (ne), (28)
. - 1
Tz = Z _8)1( J)”|: {qu an’ + 5n1 } {kz 2k~_%+n;’; }ﬂn,l _n,q,TBILZ:|
n=0
x exp(—jk. z) cos (n0), (29)

where

F = 2n/k2. (30)
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The modal equations of the state variables can be written as

I/rﬂ = (qL Oln2 + (n/r)élhl - _]k: Bn,l) eXp(—jk: Z)a (31)
V(),n = — ((n/r)an,] + qT 5/1.2 + _]k: ﬁnﬁl) eXp(—jk: Z)a (32)
. 1 .
Vz,n = - <Jk: 0,1 + % ﬁn,l + qT ﬁnl > exp( _Jk: Z)’ (33)
2G k3 F n n .

Opn = _Jz |:{k_g - ET <1 - r2>}(xn,l - % o — F 511‘1 + ; qr 571,2 - _]k: qr ﬂ”12:|

x exp(—jk. z), (34)
2G| n n P ik. |n+ 1
Tron = _jia) |:r2 Ot — v qr 0 + q7T Onz + {qzr — },2}5”,1 + J? { . Bui — qr Pur }:|
x exp(—jk. z), (35)
G . 2 1
Trzn = _JE |:_Jk: {2qL Oﬁn,z + g 5/1,1 } + {k% - 2k? - % + n :; }ﬂn,l - @ﬁrﬂ :|

x exp(—jk. z). (36)

The modal equations (31-36) can now be used to write expressions (24-29) of the state
variables in the simplified forms

0 0

V,= E‘o &n (—j)"V,n cos (n), Vo= E‘o &n (—j)" Vi sin (n0), (37, 38)
V.= é:o & (—J)'V., cos (n0), 39)
Oy = ”20 &, (—])'0,, cos (n0), T = ”20 & (—])'0,, sin (n0), (40, 41)
T, = g:o &, (—])'0rn cOs (n0). (42)

For the nth azimuthal mode, solving equations (31-36) yields

Ot = f1 Grn + o Toon + 3 Tron + Ja Ve + 5 Vou + fo Vi, (43)
On2 = &1 Orrn + 82 Trow + &5 Trzw + o Ve + &5 Viu + g6 Vi, (44)
Bui = D1 Orrn + P2 Trow + D3 Tren + Pa Vw &+ ps Vo + D6 Vi, (45)

Bra= 10+ taTron + s Tow + ta Vo + 15 Voo + 16 Vi, (46)
Ot =M G+ Mo T + Iy T + ha Vo + hs Vi + hs Vi, (47)

On2 =11 Crp+ bTn+ LTen + L Vo + s Vi + I Vi (48)
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The coefficients f;, g;, pi, t;, h:and [;, i = 1-6 in equations (43—48) are given in the Appendix.
By making use of the recurrence relations of Bessel functions, the constants 4,, B,, C,,
D,, E, and F, can be obtained by solving simultaneously the system of equations (43—48).
Substituting these values of the constants 4,, B,, C,, D,, E, and F, in the expressions of
state variables at r=r,, given by equations (31-36), (the rather lengthy but
straightforward algebraic details are omitted here), one obtains the following transfer
matrix relationship between the state vector at (r.., 0, z, n) and that at (r,, 0, z, n):

[ G (Four) | Ay An A A As A [ G (1) |

Tom (Four) Ay An Ay Ay A A Tom ()

Tron (Powr) Ay An  Axz An A As Tyon (Fin)

Vir (o) | = | Aa An Aw Aw As A Vi (r) | (49)
Von (Fou) A As As As Ass  As Von (rar)

Vo (Fow) Ag Ao As As As A V0 (1)

The elements A4; of this transfer matrix are given in the Appendix.

4. EVALUATION OF SCATTERING AND TRANSMISSION COEFFICIENTS OF
MULTI-LAYERED CYLINDER WITH TWO-DIMENSIONAL PRESSURE EXCITATION

The procedure used in deriving the transfer matrix relation (49) for the first layer can
be made use of in deriving the transfer matrices of the successive layers 2 to m as well.
Then the multi-layer system, comprising the exterior ambient medium 0, m successive
layers and the interior medium “m 4 17, can be represented by an overall transfer matrix,
as given by

[S]O = [A] [S]m> (50)
where
(4] =[4] [A]. . . . [A]n. (51)

[4], the overall transfer matrix for the nth azimuthal mode, can be written as

— —_ — —_ — —_

G0 Ay An A Auw Ais A O rrmn
Tro.0 An  An Ay Au A Ax Tromn
Trz0m Ay An An Au Ass A Trzmn
Viu | — | An An As Au A As Vewn |~ (52)
Voon Asi Ass Ass Ass  Ass  Ase Vo.mn
Vion Ag Aw As  Aw  Ass  Acs | 2.

The ambient media in contact with layers 1 and m being fluids, shear stresses on both the
exposed surfaces of the multi-layer system will be zero: i.e.,

Tr0.00 = Troumn = Troop = Trzmn = 0. %53)

The modal pressure and modal radial velocity on the exterior face are given by
Po, = {1, (koy Four) + b H (Ko, i)} €757 cos (n0) &, (54)
Viow = (/po ) {Tn (koy Four) + by HY” (ko Fou)} €757 cos (n6) &". (55)
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The modal impedance of the incident wave and scattered waves on the exterior surface
can be given by

ZO.n,i = —Jpo Co Jn (kO,y roul)/Jr; (kO,y rou[), ZO.n.s = —_],00 Co foz) (kO.y rmn)/HE})/ (kU.y rom)-
(56, 57)

The standing wave pressure is equal to the normal compressive stress: i.e.,
Grr,O,n = PO,n- (58)
The corresponding relationships for the interior face are

_ jgn I (km+ Ly Vm)

Pm,ll = & Jn (km + 1,y rin) e—jk:z Cos (}’10), Vr‘m,n =" eijk-': COS (}’le)’
) pm +1Cm+1
(59, 60)
Zm +1n = _jpm +1Cm+1 Jn (km + 1y rin)/Jr/1 (km+ Ly rin)a Orrmn = Pm‘n = I/r,m,n Zm + Ln
(61, 62)

where Z, .1, is the modal impedance exerted on the interior surface. The function
e ¥ cos (nf) e is common for modal pressure and modal radial velocity on both the
exterior and interior faces, and therefore can be dropped henceforth for convenience of
writing.

Making use of the boundary conditions (53), (54), (58) and (62), and the transfer matrix
(49), one obtains

Vr,m.n = _(PO,n /DEN)AZS’ V&m,n = _(PO.N /AIS){I + [AZS (Mll - A14 M?ﬁ)]/DEN}’

(63, 64)
Vemn = — Viwn Mas = (Ass [IDEN) Py, Ms, VionC = Pon, (65, 66)

where
DEN = Ais {My — Mss Aos — My Ass [Ais + Mis Aia Aos [Ais}, 67)

My =AnwZ, 1+ A, My = Ay Z, 41 + Ao, My = A3 Zy 1 + Ay, (68a—)
Mss = (Ass Mo — Ars M31)[(Ass A — Aas Ass), Mg = Ao Zn+1 + Ags.  (68d, €)

{ in equation (66) represents the equivalent impedance of the complete passive sub-system
consisting of layers 1 to m (whose impedance is denoted by {;) and the radiation impedance
exerted by the interior ambient fluid medium m + 1 (whose impedance is denoted by
Zm + ])~

The equivalent impedance { = f({,, Z,. 1) is given by

{AIS M21 — AIS M35 A24 _ Mll A25 + M35 A14 AZS}

‘= {—Azs M + Azs Ags Mss + Aes Moy — Ay Aes M,%s}.

(69)

Substituting equations (54) and (55) into equation (66) yields an expression for the
scattering coefficient b, :

bn = {,00 Co Jn (k(),.\' rom) - _]CJ)/Z (k().y r()ui)}/{jéH(:), (kO.y r()uf) - p() Co H572) (k()‘y r(ml)}~ (70)

By making use of the expressions for the modal incident and scattered wave impedances
and surface impedances on the interior surface given in equations (56), (57) and (61), one
can write equation (70) as

by = =0 Koy P VHE (Koy ro [ = Zoa)/(C = Zons). (71)
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Substitution of expression (71) for the scattering coefficient into equation (17) yields the
expression for the scattered pressure:

_ ~, _ o J,/7 (ko.y ro,”) (C — ZO,n,i)
P, = Z En ( J) H’ (k()‘_\ r()m) (C _ Zo,n‘.v)

n=20

HY (ko, ros) exp(—jk. z) cos (nf). (72)

In the far field, by making use of the asymptotic representation for the Hankel function
of the second kind given in reference [14],

H® = (2/nko, r)*° exp(—j(ko, r — nm/2 — /4)), (73)

the scattered pressure defined in equation (72) can be written as

. 05 0
P, :< 2l > exp(—jkn, o) exp(—jk.2) 3 & by cos (n0). (74)
nk(),)’ Fout n=20

The scattering form function is defined as [6]

0

Y & b, cos (nﬂ)‘. (75)

n=0

. 2
I‘f% | - (ﬂ:k()‘y rr)ut)o.5

For the case of monostatic back scattering, # = 7, making cos (nn) = (—1)", the expression
for the scattering form function becomes

©

Y & b(—1y.

n=20

2

Ifee | = o T} (76)

Upon substituting expression (54) for the scattering coefficient b, into equation (76), and
making use of equations (59-62), one finds

g“ = {Jn (kOJ‘ rOlll) + bn HLZ) (kotv ram)}A25 Zm+1 /DEN Jn (km+ 1y rin)~ (77)
Substitution of this expression into equation (18) yields the pressure field transmitted

through the shell:

- \n 2 AZ Zm n
Pm+1 = Z En (_J) {Jn (kO,y rout) + bn HE«) (kO,y rom)} W

n=0

exp(—jk. z) cos (nf). (78)

The level difference, or noise reduction, achieved by the cylindrical shell is given by

(P + Py)

NR = 20 logy P

0

z &n (_j)”{Jn (kO,y roul) + bn H,(xz) (ko,y roul)} eXp( —Jk_- Z) COS (n@)

o

Z En (_j)”gn Jn (km+ Ly rin) exp( _jkin Z) COoS (”0)

n=0

(79)
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For the case of monostatic back scattering, # = 7, making cos (nn) = (—1)", the expression
for noise reduction becomes

(Pi+ P

NR =201
Og]o‘ Pm+l

Z En (__])n{Jn (k(),_r r()ul) + bn HLZ) (k(} Iﬂ(;u[)} exp( __]kz Z) (— 1)"
n=0
=20 10g10 . (80)

0

2 & (—JY'Fu 3y (K1 1) exp(—jk 2) (= 1)

n=0

In the limiting case of one-dimensional pressure excitation, the expressions for V..., Vo,
DEN, b, and g,, given in equations (63), (64), (67), (70) and (77), become

Vyn = (T IDEN)Py,.,  Vipn = —(To1 Z 1 + Toi)Po, |DEN, (81, 82)
DEN = =Ty (To1 Zpir + Toa) + Tos (T1i Z o1 + Tha), (83)
by = {po coJu (koy rou) — JCIi (ko o) }GCH, (Ko Fau) — po co HY (ko o)}, (84)
where
(=T (Ti Zoirn+ Tie) — Tis (Tos Zun i1+ To)}{Tos (Tis Z s 10 + Tis)
— T (To1 Zyw 10 + T}, (85a)

T23 Zm+ 1
EN Jn (knx+ Ly r/n)'

gn = {Jn (kO.,y rauz) + bn Hf}) (kO,y }"om)} D (85b)
Here the following equivalences of the elements of the 6 x 6 transfer matrix [4]; of
equation (49) in the limiting case of one-dimensional pressure excitation to elements of the
4 x 4 transfer matrix [T]; in reference [10] have been used:

Ais=Ts, Aw=Tu,  As=Tn,  As= Tu, (86a)
My=A1Z, 1+ Ais=Tu Zy 1+ Au, My =AnZyiy+ Ay =T Zy 1 + To,

(86D, ¢)

My, = A3 Z,, 1 + Az vanishes, (86d)

Mis = (Azs My — Axs M1)[(Ass Ass — Ass Azs)  vanishes, (86¢)

Mo = Ao Zpir + Ass = Tos Z i1 + Tua. (86f)

It may be seen that equations (81-85) are identical to equations (62-64), (69) and (77),
respectively, in reference [10]. These deductions confirm that the expressions of scattering
coefficient and noise reduction given above in equations (70) and (79) for the case of
two-dimensional pressure excitation embody in them the one-dimensional or normal
pressure excitation dealt with in reference [10].

5. RESPONSE OF THE MULTI-LAYERED CYLINDER TO EXTERNAL EXCITATION

The transfer matrix relation (49) can be used to evaluate the radial velocities at the two
exposed surfaces of the multi-layer cylinder excited by a two-dimensional pressure
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excitation, or alternatively to evaluate the acoustic pressure distribution excited by the
radial velocity components of the radiating surfaces.

Let the modal external excitation on the exterior of the first layer have the following
distribution:

Py, = {Ju (koy Fou) + by HY (ko 1ou)} exp(—jk- z) cos (n0). (87)
The resulting compressive stresses at the exposed surfaces r = r;, and r = r,, are given by
Grr,n.O = PO.n - ZO.n I/r',O,n) Gr'r,/x.m = Zm+ 1n I/r.m.na (887 89)

where Z,,, and Z,, ., are the modal radiation impedances exerted by the ambient medium
in contact with the first layer and the mth layer, respectively (see equations (56), (57) and

(61)).

If the ambient media are fluids, they will not support any shear stresses. Then,
Tr()ﬂ.n = Tr(),m,n = T»‘:.Om = Tr:,m,n = 0 (90)

Substituting the six boundary conditions (88-90) in the six equations of the transfer matrix
(49), one can derive the expressions for the normal velocities at the two exposed surfaces.
With the algebraic details omitted, one finds

PO‘n — {Mll _ A14 M35 + ZO,n (M61 _ A64 M}S)} V

V mn — rumn s 91
oo (A1s + Zoy Ass) o ©D
I/"',;'11,11 = (A25 /DEN)POVH (92)
V — A()S _ AZS (Mll A()S - A14 M35 A65 — M()l A15 + A64 M35 AIS) (93)
ron (Aes Zow + As) DEN(Aes Zon + Ars) ’
where
DEN = —(A]S + Z(),n A(,s) (le - A24 M35) + A25 {Mll - Al4 M35 + Z(J,n (Mél - A64 M}S)}~
(94)

Incidentally, in the limiting case of one-dimensional pressure excitation, V,,.,, V.o, and
DEN given by equations (92-94) turn out to be

T23

Vr’?'l.” = P N 95

’ { =M (Tis + Zoy Tus) + Tos (M1 + Zo,, Mar)} o ©3)
_ _ Tos(Tis My — Ty Myy) Py,

Vion = {T‘” DEN (T + Zow To)’ ©6)

DEN = {—(T43 Zow+ Ti)My + (My Z,, + M11)T23}- 97

Equations (95-97) may be seen to tally with the corresponding expressions (96), (99) and
(97), respectively, in reference [10], thereby confirming that expressions (92-94) reduce to
those for the normal or one-dimensional pressure excitation in the limiting case.

6. NUMERICAL RESULTS

In order to illustrate the use of this transfer matrix approach to evaluate the scattering
coefficient and noise reduction of a two-layer infinite cylinder, for the case of oblique
incidence and two-dimensional pressure excitation, some numerical examples are
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TABLE 1

Material properties

Material Density (p) Modulus of elasticity (F) Poisson’s ratio (i)
Elastomer layer 1200 3-3 x 10% (1 + j0-8) 0-49
Backing steel layer 7800 2-1 x 10"(1 + j0-002) 0-31

presented. Unless otherwise specified, the configuration chosen is a carbon steel infinite
cylinder of 5 mm thickness (r,, = 100 mm, r, =95 mm). Results are shown for the
frequency range of k, r,., = 0-20, which is typical of the underwater acoustic applications
for which the present model is primarily expected to be used. Default values of the outer
and inner radius of the multi-layer cylinder consisting of a carbon steel inner cylinder lined
with an outer elastomer cylindrical layer are r,,, = 100 mm and r;, = 90 mm (r,,, = 100 mm
and r;, = 95 mm for the elastomer cylinder, and r,,, = 95 mm and r;, = 90 mm for the steel
cylinder). Monostatic back scattering is considered for all the computations. Water and
air are considered as the ambient medium outside and inside of the cylinder, respectively.

Values of the density (kg/m?®), Poisson’s ratio and elastic modulus (Pa) for the two
constituent layers are given in Table 1.

The presence of structural damping represented by a loss factor would make E and G
and thence ¢; and ¢y, or k; and kr, complex, which would make the arguments of the Bessel
functions of all three kinds complex. The series representations for Bessel functions [14]
are used in the computations.

Values of the density (kg/m?) and speed of sound (m/s) for sea water and air (which
are the ambient media) are given in Table 2.

Figure 3 shows the scattering form function plotted for the case of the aluminium
cylinder (r,, = 100 mm, r;,, = 95 mm) as calculated by using the present transfer matrix
method for three different angles of incidence ¢, (0°, 9° and 24°). It is observed through
the numerical computation that the values of scattering form function obtained for this
case by using the normal solution of reference [6], and by the present method, agree to
the fourth decimal, which indeed indicates that both the methods lead to the same result,
confirming the validity of the matrix elements presented in the Appendix.

Figures 4 and 5 show the effect of the angle of incidence ¢, on the scattering form
function and noise reduction, plotted for the case of a steel cylinder (r,, = 100 mm and
r» = 95 mm). The angle of incidence is chosen to cover all the four cases of interest: i.e.,
01 =0, P < i, pr. < P < ¢y and ¢, > ¢1r, where ¢, and ¢, r are the values of the
critical angle for longitudinal waves and transverse waves, respectively. It can be observed
from Figure 4 that the trends of |f.. | for ¢, = 0° and ¢, = 10° look alike except for a shift
of the peaks to the lower side of the frequency for the latter case. The plot for the case
of ¢, = 30° contains rapid kinks at higher frequencies which are due to incidence beyond
the critical angle.

TABLE 2

Ambient media properties

Ambient medium Density (p) Speeds of sound (¢)

Sea Water 1025 1500
Air 1-18 340
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Figure 3. Scattering form functions | f., | for aluminium cylinder compared with normal mode solution of
reference [6] for various angles of incidence ¢;. —, 0% ----, 9% - - - 24°,

Figures 6 and 7 show the scattering form function and noise reduction for various layer
configurations. Results are plotted for the cases of an elastomer cylinder (r,, = 100 mm
and r;,, = 95 mm), steel cylinder (r,, = 100 mm and r;, = 95 mm), and the combination of
the two (lined cylinder, r,, = 100 mm and r;,, = 90 mm) for ¢, = 10°. Results are plotted
for ko r. = 0-5 only for the sake of clarity of observation. It is observed from Figure 6
that there is a sharp peak at about 10 000 Hz (k¢ ... = 0-5) for the case of the elastomer
cylinder, which is smoothed out by the presence of the backing steel cylinder for the case
of the lined cylinder. As expected, the presence of the elastomer layer in a lined cylinder
enhances the noise reduction at all frequencies, compared to the case of single steel
cylinder, as can be observed from Figure 7.

6.1. FOUR-LAYERED ELASTOMER OR POLYMER HOSET

There are hoses like those used in automotive climate control systems where the hose
wall is made up of four different types of elastomers or polymers. The transfer matrix
method can deal with this four-layer cylindrical hose with equal ease. Results are shown
in Figures 8 and 9 for two configurations shown in Table 3. The abscissa is krsh = k¢ 7.,
in both the figures. Each of the four layers in either configuration is 5 mm thick. The
outermost radius is 100 mm as for the previous cases. The medium is air on the outside
as well as inside.

It may be observed from Figure 8 that reversing the order of the layers has little effect
on the scattering form function, where the two curves are completely overlapping. This
is typical of the symmetrical nature of impedance mismatch, as shown for sudden
expansion and contraction in reference [7] and for change in media in reference [13].
However, the curvature effect of the cylindrical surfaces produces considerable differences

T This example is also presented in reference [10], but is included for completeness here, in response to
comments by the referees.
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Figure 4. Scattering form functions | f.. | of a steel cylinder at various angles of incidence. ¢,. —, 0% ----, 10°;
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in the noise reduction values as may be noted from Figure 9. This effect has also been
observed in the interchange of the rubber and steel layers, although it is not shown here.
Neverthelesss, the primary purpose of Figures 8 and 9 is to show that the transfer matrix
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Figure 5. Noise reduction NR of a steel cylinder at various angles of incidence ¢:. (a), 0°; (b), 10°%; (c), 20°;
(d), 30°.
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Figure 6. Scattering form functions | f.. | for various cylinder configurations. ——, Elastomer cylinder alone;
——, backing steel cylinder alone; - - - -, steel cylinder lined with elastomer layer.
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Figure 7. Noise reduction NR for various cylinder configurations. ——, Elastomer cylinder alone; ----, backing
steel cylinder alone; - - - -, steel cylinder lined with elastomer layer.
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TABLE 3

Hose configurations

Poisson’s Density p Storage modulus Loss factor
ratio u (km/m?) E. (Pa) n
Configuration (a)
Layer 1 0-49 1200 33 x 107 0-8
Layer 2 0-47 1250 3-3 x 108 0-6
Layer 3 0-45 1300 33 x 10° 0-4
Layer 4 0-43 1350 3-3 x 10 0-2
Configuration (b)
Layer 1 0-43 1350 3-3 x 10 0-2
Layer 2 0-45 1300 33 x 10° 0-4
Layer 3 0-47 1250 3-3 x 108 0-6
Layer 4 0-49 1200 33 x 107 0-8
1.2 —
g
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Figure 8. Scattering form function of a four-layer hose. ——, Configuration (a); ----, configuration (b).
80

Noise reduction (dB)

krsh
Figure 9. Noise reduction of a four-layer hose. ——, Configuration (a); ----, configuration (b).
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method may be applied readily to any number of layers, where the classical approach
would be too cumbersome and susceptible to numerical instabilities.

7. CONCLUDING REMARKS

The transfer matrix presented here can be easily adapted to small or personal computers
to evaluate the response of a multi-layer cylinder excited by a plane wave with
two-dimensional pressure excitation. It has been shown to reduce to the 4 x 4 transfer
matrix of reference [10] for the limiting case of normal or one-dimensional excitation. The
overall transfer matrix elements can be obtained by multiplying the transfer matrices of
successive layers by feeding in the elastic properties for the respective layers. Expressions
are given for evaluation of the acoustic characteristics of the multi-layer cylinder.
Numerical examples have been presented to illustrate the effect of two-dimensionality
(angle of incidence) and the type of layer on scattering form function and noise reduction
of a single layer, two-layer, and a four-layer cylinder.
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APPENDIX

The elements of the transfer matrix of equation (49) are as follows:

G Pl k2 2 in .
A= -2 [qL Fi {(k; —5+ :ﬁ )L Ay, } T 09— gy P &+ K- g V,-}},

2
_](}) out out Four

G in in 7 2
Ay = ) |:qL n (ii — gL Tou "Ii) + grln {(qu - nz>ruuf 9

: 2
_](l) rour rULI/ out

AkZ out .k:'
+ar& =5 gy + 5+ 1y H

Az = _g]% |:_jk; <2Q% Tin i + nc’[,TrmSi> + qrtin <kzr_ nT — 2k + X —i_ 1>X:‘ _Mrln Vi:|,

"
out r U out 1 out

Vour

. ) 1
Ay = _g |:]k; qrTinAi + qrtin {QT% + Mli }:|,

out out

Asi = —g |:q1nr,,, A+ qr Vi (QT éi + jk: Xf):|, Agi = g |:q§ Fin i + % (Vl\gi — jk: Vour Xi)j|.

Here the suffix i = 1, 2, 3, 4, 5, 6 used in the elements of matrix [4] indicate the column.
The variables 4;, n;, %, &, yi, xiy i=1,2,3,4,5,6, are given by

bi=giPu—fiRir,  Ni=8 Qu—fiSu,  $=1LPur—hiRur,
&i=10nr— hiSur, Vi=1ti Quirr— PiSusirs Li=tPiir—piRisir,
where, in turn,
f=jo/Gki,  £i=0, fi=0, fi=2k ki,  fs=2n/kir.,  fs=2/kir.,
h = jok? |Gkt g7, h= —jo/Gqr,  h =0,
hs = (k- [q7) k2 [k7 = 1), hs = Qlq7ra) (1 — nk? [k7),  he = 2/qr 1) (n — K [k7),
pi=—/Q{(k:nfry) i+ f) + 4,},  i=1,2,3,4,56,  Q=Qn+1)/r, + ki,
A4,=0 for i=1,2,5, 4, =jo/G for i=3, A, =n/r, for i =4,
A, = —2jk. for i=6,
t=—gr){jk-fi+ [(n + Dfralpi+ 4}, i=1,2,3,4,5,6,
A4,=0 for i=1,2,3,4,5,6, A,=1 for i=4,
L= —/qr){jk:- pi + (/ra)fi + A1}, i=1,2,3,4,5,6,
A4,=0 for i=1,2,3,4,6, A;,=1 for i =35,
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g = (1qu){ik: pi — (nri)hi + 4.}, i=1,2,3,4,5,6,

A, =0 for i=1,2,3,4,5, A,=1 for i=6,

P =1, (qe )Y (qr Tou) — Yo (qr 1i)dn (qe Tou),

O =1, (G )Y (qr Fou) — Yo (qe 1) I (G Fou),

Rio =1, (qer)Yu (qr You) — Yo (qe ri)dn (GL Fou),

S =30(qr ra) Y5 (g tow) — Y0 (qe 1) (G Fou),

Por=1,(qrri)Yu (qrtou) — Yo (qr1a)de (1 Fou),

Onr =1, (qr i)Yo (qr o) — Yo (qr ri)In (qr Fou),

Ry =1, (qr i)Yo (qrtou) — Y5 (qr 1i)dn (qr Fou),

Sor =T, (qrri)Yn (Gr o) — Yo (Gr 1) In (G1 Fou),
Poirr=Ji1(@rri)Yoi1 (@r 7o) — Yuirr (@r v dus1 (G Fou)s
Onwirr =L (@rra)Yair (@r 7o) — Yoir (qrra)Tio 1 (Gr Fou),
Riovir =100 (qrri)Yoi 1 (@rron) — Yoo (@rra)due (qrFou),
Seiir =31 (@)Y (qrron) — Yoo (@rr)n 1 (@r Fou)-



